K = adsorption equilibrium constant, cm®/g

L, = height of slurry, cm; region Ly to Ly is gas col-
lecting space above slurry

m, = moment component, defined by Equation (10)

m, = mass of carbon per unit volume of bubble and
solid free liquid, g/cm?

n = amount of adsorbed nitric oxide, mole/g

Q = gas feed rate at 25°C and 1 atm, cm3/s

r = radial coordinate in a spherical particle, mea-
sured from its center, cm

Rp = average radius of gas bubbles, cm

R = radius of spherical particle, cm

s = Laplace variable

Sper = BET surface area, m?/g

t = time, s

vp = vertical bubble velocity, cm/s

Vs = bubble volume per unit volume of bubble and
solid-free liquid

V. = total volume of liquid in the vessel, cm?

z = slurry height, measured from bottom of the ves-
sel, cm

Greek Letters

a« = bubble-to-liquid rate parameter defined by Equa-
tion (18), cm—!

B = particle porosity

§(0) = input pulse, Dirac delta function with an infinite
value att = 0

w1y = first absolute moment in the slurry, or for the

liquid when no particles are present, s
1,4y, = first absolute moment in the dead volumes, s
w1p = first absolute moment evaluated at the detector, s

pa,L; = second central moment for the slurry; psav. and
po,p are second moments for the dead volumes
and as measured at the detector, respectively, s?

pp = particle density, g/cm?

pt = solid-phase density, g/cm3

vy = tortuosity factor

Subscripts

Ly, Ly = value at z = L; and L, respectively

b,8 = responses to step and pulse (8) inputs
o = inlet value

PF = gas bubbles in plug flow through slurry
ST = gas bubbles completely mixed in slurry
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Separation Sequence Synthesis by a
Predictor Based Ordered Search

ALEJANDRO GOMEZ M.

A predictor based ordered search procedure is used to scan the graph and

representing all possible separation sequences for a given multicomponent
separation process. The algorithmic procedure is expedited by utilizing
an heuristic cost function to obtain lower bound estimates of the cost of
separators not yet designed. Considerable reduction in search space occurs.
Optimal and near optimal sequences are readily generated.

J. D. SEADER

Department of Chemical Engincering
The University of Utah
Salt Lake City, Utah 84112

SCOPE

Many chemical processes involve separation sequences,
wherein multicomponent feed mixtures are separated into
products (including recycle or intermediate streams) by

Correspondence concerning this paper should be addressed to J. D.
Seader.
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two or more separators. As shown by Thompson and
King (1972a), the number of possible processing schemes
or sequences (arrangements of separators) increases ex-
ponentially with the number of products and with the
number of different types of separators being considered.
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If only ordinary distillation is to be employed, the num-
ber of possible sequences increases from two to five as
the number of products increases from three to four.
Rodrigo and Seader (1975) show an example involving
one feed to be separated into three products by ordinary
distillation and/or extractive distillation with a single
solvent, wherein nine different sequences are possible.

Because computing time and cost for the analysis of
multicomponent separators are not negligible, it is de-
sirable to have procedures for determining the optimal
and/or near optimal sequences without examining all
possible sequences. Several such procedures have been
developed. Among the heuristic techniques, the cheapest-
first heuristic of Thompson and King (1972b) can pro-
duce a near optimal (and sometimes optimal) sequence
with very minimal computing requirements. The method
is particularly useful in preliminary design problems in-
volving very large search spaces.

The algorithmic methods of Hendry and Hughes (1972)
and Westerberg and Stephanopoulos (1975) optimize with
respect to structure and a limited number of operating
conditions. Although these two methods find the optimal
solution without examining every sequence, the former
method based on dynamic programming does require
the analysis of all unique separation subproblems.

The ordered branch search procedure of Rodrigo and
Seader (1975) optimizes only the arrangement of the
sequence but does so algorithmically. Heuristics are
utilized to set values of separator operating conditions.
Like the branch and bound method of Westerberg and
Stephanopoulos (1975), the ordered branch search pro-
cedure may not require the analysis of all separation sub-
problems, particularly when a very wide distribution of
sequence costs exists. All three algorithmic procedures
can synthesize near optimal as well as optimal sequences.

Despite the substantial progress made toward a rapid
and efficient technique for synthesizing separation trains,
the following desirable features are lacking in previous
algorithmic methods: reduction of search space for separa-
tion problems involving a relatively narrow range of
sequence costs, elimination of the need to generate a list
of all possible separation subproblems (this list can be-
come extensive for large problems), and ease of applica-
tion to process simulation programs, which are widely
used in practice and are described by Motard, Shacham,
and Rosen (1975). In this paper, a new technique for
the synthesis of separation sequencies is developed that
has these features.

Among the intelligent structured search techniques
(dynamic programming, integer programming, etc.) are
the so-called blind search procedures. These can be classi-
fied into two types, breadth first and depth first as dis-
cussed by Nilsson (1971). In both types, nodes repre-
senting feeds or intermediate streams are expanded in
terms of alternative separation subproblems to generate
new stream nodes until product goal nodes are generated.
A depth-first algorithm is one where the most recently
generated nodes are expanded first. The -ordered branch
search is an example of this type. Goal nodes are reached
early in the search. An example of a breadth-first algor-
ithm (an algorithm that expands nodes in the order in
which they are generated) is the so-called uniform cost
method of Nilsson. When blind algorithms are enlightened
by a heuristic, they are called heuristic search algorithms.
In general, the technique presented here is a modified
uniform cost method, which uses a heuristic cost evalua-
tion function of the type described by Nilsson (1971),
to order and reduce the search.

Unlike previous methods, which are essentially blind
search techniques, the method reported here continuously
estimates and uses an absolute minimum cost for that
portion of the search space not yet designed. In this
manner, lower (rather than upper) bounds to the total
sequence cost are generated to direct development of
the optimal sequence. Sequences are generated starting
from the process feed stream and moving toward the
product streams. The lower bounds are computed as
the sum of the actual cost of the partially developed
sequence and a prediction of the minimum cost for that
part of the sequence remaining to be developed. This
prediction employs the following separation cost heuristic.
A separation is least expensive when conducted in the
absence of nonkey components. Although this heuristic
is well-known and is listed by King (1971) and by Rudd,
Powers, and Siirola (1973), it has not previously been
applied in the manner reported here. Four examples are
presented to illustrate the application of the new search
procedure, and comparisons are made to some of the
other synthesis techniques. The synthesis problem ad-
dressed here involves the same component material bal-
ance simplification utilized by Rodrigo and Seader (1975).
Also, only the system structure is optimized, and a mass
separating agent need not be recovered in the separator
following the one to which it is added.

CONCLUSIONS AND SIGNIFICANCE

The predictor based ordered search procedure for find-
ing optimal separation sequences is found to be efficient
with respect to computer memory requirements and com-
putation time. By continually predicting lower bounds
on the complete costs of sequences, the optimal sequence
is rapidly generated by analyzing only a fraction of the
separators in the search space. A minimum of additional
computations is required to generate a specified number
of near optimal sequences or the other sequences that
are within a specified factor of the cost of the optimal
sequence,

The heuristic used to estimate the costs of complete
sequences appears to have reasonably general applic-
ability. However, it may fail when the presence of nonkey
components has a significant effect on the relative sep-
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arability between the two key components. Nevertheless,
in the four examples examined here, the optimal sequences
were generated. The new procedure is considerably more
efficient than the dynamic programming-list processing
method. However, the latter method can also optimize
operating conditions. The new procedure is also more
efficient than the ordered branch search method, par-
ticularly where sequence cost distributions are relatively
narrow.

The new procedure can be implemented with advanced
process simulation programs, such as the FLOWTRAN
program described by Seader, Seider, and Pauls (1974),
by using FORTRAN insert statements to direct the pro-
cedure and special modules for calculating and accumu-
lating costs.
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Fig. 1. Example of sequence graph for use of one type of separator.

PROBLEM STATEMENT

Consider the following hypothetical example. A mix-
ture containing species A, B, C, and D (listed in the
order of decreasing value of relative volatility) is to be
separated by ordinary distillation into four essentially
pure product streams. The search space of all possible
separation subproblems and sequences may be repre-
sented by an and/or directed graph of the type illustrated
by Rodrigo and Seader (1975). Alternatively, as shown
in Figure 1, a sequence graph G may be constructed
that shows the development of all sequences in a more
compact fashion. In Figure 1, B is the beginning or
start node, which represents the feed stream to the sep-
aration process. Nodes X; represent steps in the develop-
ment of complete sequences of separation operations
leading to the terminal node T, which contains all prod-
ucts. Solid arcs represent separation operators T'y™/*(, §)
for expanding any node X; to successor nodes X; for a
given separator type t and separation point m/n, where m
and n are the light key and heavy key, respectively. Cor-
responding to each solid arc connecting nodes X; and X;
is a cost C(i, j). Dashed arcs connect the last node in a
completed sequence to the identical goal node of desired
product streams. Thus, no T or C is associated with a
dashed arc. Also associated with each node X; is the
actual cost g(B, i) of the partially completed sequence
beginning from B and ending in that node, and the
evaluation function equal to the estimated cost g*;(B, T)
of the complete sequence passing through that node as
determined from

g°i(B, T) =g(B,i) + C(i,j) + C* (1, T) (1)

where { refers to the predecessor of j, and C*(j, T) is a
heuristic cost function equal to the estimated cost for
completing a sequence that starts with intermediate node
j.

It is assumed that a successor node X; is reachable
from a vertex node X; if an arc exists from X; to X
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Such accessibility can be represented for each type of
separator ¢ by a reachability matrix. The connection array
consists of entries M (i, j), where the entry is 1 if the
arc exists and O if it does not. In the synthesis method
described here, it is not necessary to determine the com-
plete reachability matrix for each type of separator prior
to developing the sequence graph G. When the terminal

0
ABCD g* (B,T) = 0O
c(o,1) F?/B (0,1); ¥(0,1) = 1
1
A A\ BCD g* (B,T)
1
c(1,s) Fg/D (1,5); M(1,5) = 1
5
AABCAD g% (B,T) = g  (B,T)

Fig. 2. Development of one portially completed sequence.
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node is reached, elements of the matrix M act as pointers
to back generate the complete sequence. Partially com-
pleted sequences can also be generated in this manner.
For example, a partially completed sequence terminating
in node 5 is readily generated to be

| (A) 5
3 , ()
¢ C

D D

(D)

by the values of M shown in Figure 2, where I indicates

the use of ordinary distillation.

The separation problem may now be formally stated
as follows. Given B, T, and a means of determining feasi-
ble T and corresponding values of C, find the optimal
and near optimal sequences contained in the set S by
developing as little of the search space or sequence graph
G = [N, A, 4] as necessary, where N is the complete
set of nodes, A is the complete set of arcs, and the com-
plete set of separation operators is

¢ = {re™/"(4, 1)} (2)
s selected £, and

yfeasible pairs m/n

The effectiveness of the search procedure may be
measured by search factors Fs, Fg, and Fg, as dis-
cussed by Rodrigo and Seader (1975).

MODIFIED UNIFORM COST ALGORITHM

The uniform cost algorithm is a blind search proce-
dure, wherein a breadth-first search is made beginning
from the start node. As nodes are expanded, they are
ordered according to g(B, i), the cost of the partially
completed sequence. The node X; with the smallest value
of g(B, i) is expanded next. Because values of g(B, i)
are continually increasing as nodes are expanded, the
optimal sequence having the smallest value of g(B, i)
can be found only by searching along the path of every
sequence until the value of g(B, i) for that partially
completed sequence exceeds an upper bound value. The
upper bound value is initially the value of g(B, i) for
the first completed sequence or for a subsequently com-
pleted more optimal sequence. Although it proceeds in
the opposite direction, the dynamic programming method
is essentially of the uniform cost type. Most other methods
are breadth-first techniques.

The uniform cost method can be modified by ordering
nodes according to g®, as given by Equation (1), pro-
vided that a method is available for predicting the mini-
mum value of C accompanying the remaining development
of a sequence. Assume that such a method exists, as
will be described in the next section. To find the optimal
sequence, the path of a sequence need only be searched

Put T on CLOSED.
Set g% equal to zero.

Set B equal to X, and put X, on OPEN

Set all M equal to zero.

Set 5.

P

value of g*.

Order nodes in OPEN by increasing

i

Remove from OPEN X; having the smallest
g* and put it on CLOSED.

4]

1

Compute g* for x{ from Eq. (1)

C (i,T) = C* (i,T)?
and remove flag.

4
th Is X; in CLOSED identical to T or is

Backgenerate sequence for
Xi from M with operators
Yes from .

Put the sequence on OPTSEQ.

Remove Xj from CLOSED and put

it on OPEN.
Sa

Yes Is X;j flagged?

Are the number of
seqguences on OPTSEQ

Set g for all X; equal to
c (o,g), add a fiaq {super-

6

’_IExpand X; with all feasible operators I’
to generate all successor nodes X; and
€ (i,j). Place all T on CLOSED.

Set all M (i,3) equal to one.

equal to Sp?

script zero) to all Xj7 and 7
put all Xj on OPEN. Remove Yes e 1= 07
allT from CLOSED and put
them in set ¢.

No

, Compute g* from Eq. (1) for all X5 and

put all Xj on OPEN.

1

Is OPEN
empty?

set ¢.

Remove Xj from CLOSED and put it on HOLD.
Remove all [ from CLOSED and put them in

Yes

(=)

Fig. 3. Algorithm for predictor based ordered search.
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if that path currently has the lowest value of g*. As a
sequence is developed, its value of g* monotonically in-
creases. Thus, in Figure 2, g%5(B, T) > g*1(B, T) >
g%0(S, T). The smallest value of g* for all partially com-
pleted sequences is the lower bound. Node expansions
are dictated by this lower bound (which may be in-
creasing continually) and are not continued until some
upper bound (that may be continually decreasing) is
exceeded. With this predictor based ordered search, the
total cost of any completed sequence will always equal
or exceed the value of g* that represents the current
lower bound.

The algorithm for this procedure is outlined in Figure
3 and is as follows:

Step 1. Set the process feed or start node B equal to
node X, and put X, on a list called OPEN. Put the
process products or terminal node T on a list called
CLOSED. Set the evaluation function g*, for X, equal
temporarily to zero. Zero out the reachability matrix, M.
Set S, equal to the desired number of near optimal se-
quences that are to be generated.

Step 2. Order the nodes X; on OPEN according to
increasing values of g®. However, when coming from
Step 1, only B = X, will be on OPEN.

Step 3. Remove from OPEN node X; having the small-
est value of g* and put it on a list called CLOSED.

Step 4. a. Compare the node just put on CLOSED
with the goal node T. If they are not identical or if the
remaining separations have not already been designed
and costed in computing C* (i, T'), go to Step 5a. b. Other-
wise, back generate the sequence for X; from the pointers
of matrix M using the operators in ¢ and put the se-
quence on the list OPTSEQ, which consists of the op-
timal and near optimal sequences. c. If the number of
sequences in OPTSEQ is the desired number S, terminate
the run. Otherwise, go to Step 9.

Step 5. a. Check to see if X; is flagged, If not, transfer
to Step 6. b. Otherwise, recompute g* for X;° by adding
C? (i, T) to the temporary value of g*; = C(O, i) pre-
viously computed in Step 7b. Remove the flag from X;°
to give X;. Remove X; from CLOSED and put it on OPEN.
Go to Step 2.

Step 6. Expand node X; on CLOSED to generate all
successor nodes X;. This is done by determining and util-
izing all feasible operators I Change corresponding
M4, j) to ome. Place all operators I' on CLOSED. If a
mass separating agent is added in the operation, the
agent is included in the list of species in X;, and a How
rate is associated with the agent. If a mass separating
agent is recovered, its flow rate is subtracted from the
value previously associated with the mass separating
agent, and the agent is deleted from the list of species
associated with X;. As in the method of Hendry and
Hughes (1972), overall process recoveries are assumed
for the key components of each separation operation in
order to design the separator. However, after the design
calculation for that particular separator is completed,
each species is reallocated to the separator products on
the basis of a perfect separation between the key com-
ponents. While this simplification is not essential, as dis-
cussed by Rodrigo and Seader (1975), it is desirable,
particularly when mass separating agents are involved
and when multiplicate separation subproblems can be
identified as a result of the simplification.

Step 7. a. If this is not the first pass through Step 2,
i will not be equal to zero, and a transfer is made to
Step 8. b. Otherwise, with i = 0, compute all C{o, ) and
set all g* equal temporarily to corresponding values of
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C (o, §). Put all X; on OPEN. Transfer to Step 2. Thus,
on the initial expansion of the start node, only the costs
of the first separators are computed. Estimates of com-
plete sequence costs are not made in Step L. Instead,
all X; are flagged by adding a zero superscript to give X°.
Remove operators I'y™/* (4, j) from CLOSED and put them
in a set ¢.1

Step 8. Compute the evaluation function g*;(B, T) for
each successor node X; from Equation (1), where g(B, i)
is the cost associated with the parent node X;, C(i, ) is
the cost of the particular expansion operation I'(4, j), and
C?®(j, T) is the heuristic function or lower bound estimate
of the remaining cost of the sequence calculated in the
manner described in the next section. Thus, ¢*;(B, T)
is a lower bound estimate of the cost of a complete se-
quence passing through node X; Put all values of X;
on OPEN.

Step 9. Remove parent node X; from CLOSED and
put it on HOLD for future reference. Associated with X;
are costs g(B, i) and g®(B, T). Remove operators
T¢/2(4, §) from CLOSED and put them in set ¢. Asso-
ciated with these operators are arc costs C(i, j). The
operators serve as pointers to generate paths of optimal
and near optimal sequences. Set ¢ can also be checked
in Step 6 for multiplicate operators so to avoid rede-
signing the same separator.

Step 10. Check OPEN to determine if it is empty.
If so, terminate the run. This can occur if all sequences
are desired (S, = total number of possible sequences.
If OPEN is not empty, return to Step 2.

An algorithm is called admissible if it guarantees to
find an optimal sequence from B to T for any graph G.
In the following section, the heuristic cost function
C®(j, T) is defined, and the admissibility of the algorithm
just presented is proved in the manner of Hart, Nilsson,
and Raphael (1968).

HEURISTIC COST FUNCTION FOR SEPARATORS

Uniform cost algorithms can be inefficient for search-
ing graphs to find optimal and near optimal sequences,
when the cost distribution of the sequences is narrow.
This is because only costs of previous node expansions
are accumulated and compared to an upper bound.
Suppose, instead, that estimated (lower limit) costs g
for complete sequences passing through any node X;
can readily be estimated by looking ahead to the goal
node by means of C* in Equation (1), If these estimates
are continually made as successor nodes X; aie gener-
ated, and if all nodes on OPEN are ordered according
to increasing estimated cost for the complete sequence,
then expansion of the node with the lowest value of g°
will eventually lead to the optimal sequence:

Lemma: Let the heuristic cost function be

C*(j, Ty =3C(X,T) (3)
where X represents an immediate predecessor of goal
node T (inverse operation); that is, X = [r,®/"]}-1 (T)
% (in/n) of search space (X;, T), and T. represents the
least expensive way to perform a final expansion on
a graph. If C*(j, T) = C(j, T), » Xj; then, from Equa-
tion (1) for an optimal sequence from start ncde B to
goal node T, a node Xj exists on the list OPEN such that

g*;(B,T) =g;(B, T) (4)

Proof: Let B be the only element of the optimal se-
quence. If B is on OPEN, then g*;(B, T) = g°,(B, B)

t See further remarks concerning this under Step 9.
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= go(B, B) = 0. This is the trivial case. Next let X;
be on CLOSED:

e/ (6, ) [X] = X (5)
From Equation (1)
g°i#(B,T) =g(B,j) +C*(j, T) (6)
Also
gi(B, T) =g(B.j) + C(j, T) (7)

Subtracting Equation (7) from Equation (6), we get
g“i(B, T) = gj(B’ T) + C“(f’ T) - C(]: T) (8)

But, since C*(j, T) = C(f, T), Equation (4) holds.
Corollary I: The evaluation function g*;(B, T) is
a Jower limit of the actual cost g;(B, T')
ifC*(j, T) =C(j, T) for all Xj.
Corollary II: If X; = T, then g*;(B, T) = g;(B, T).
Proof: From Equation (8), if C*(j, T) = C(j, T), then
g*;(B, T) is the lower limit of gi(B, T). If X; = T,
C(j, T) = C*(j, T) = C(T, T) = 0. Therefore, from
Equation (8), g*;(B, T) = g;(B, T).
The following theorem can now be proved.
Theorem: If C*(j, T) = C(j, T),% X; then the
algorithm is admissible.
Proof: Assume the algorithm leads the search to the
goal state without finding the optimal sequence and
that node X, was the last node expanded. Then

g“k(B’ T) = gk(B’ T) > gj(Bz T)

where g;(B, T) is the actual cost of the optimal sequence.
By Corollaries I and II of the Lemma, there is a node X;
on OPEN for which

g*]'(B: T) égi(Ba T) <€“k(B> T)

Therefore, X; would be selected for expansion rather than
Xy. But this contradicts the assumption that the search
of the algorithm terminates without finding the optimal
sequence. Thus, the theorem is proved.

The above proofs are easily extended to show that if
Sa > 1, the algorithm will generate the next best (S, — 1)
sequences in order of increasing cost.

It remains now to demonstrate that

C°(i} T) éc(i> T), '\V"Xj (9)

where C* is given by Equation (3). A formal mathemat-
ical proof of Equation (9) may not be possible for the
general case because of the highly nonlinear nature of
the equilibrium stage equations. However, consider the
case of ordinary distillation under the assumptions of
constant molal overflow and constant relative volatility.
Assume further that column pressure and the feed phase
condition for the separation of two key components are
specified independently of the presence of any nonkey
components. Separation cost will depend mainly on the
required number of equilibrium stages and the required
boil up rate. To determine the influence of nonkey com-
ponents on stages and boil up rate, assume the applicability
of the Fenske equation for minimum stages

[( _..f,L ) ( - ) ]
log
1— Stk St.uk

log arx uK

(10)

the approximate Gilliland equation for minimum reflux;
and the Gilliland correlation for relating stages to mini-
mum stages, minimum reflux, and actual reflux. These

are all described by Robinson and Gilliland (1950).
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Fig. 4. Effect of nonkey components on separation cost for example 1.

Equation (10) shows that the number of minimum stages
is not influenced by nonkey components. However, the
boil up rate is influenced. Based on an actual reflux given
by the Gilliland equation® for a saturated liquid feed,
the boil up rate is

2 aigx + 0.25 ng

i=1,LLK

V= + Vg

ai—1

2 1.25 a;j, HKNyj

j=HHK,N.

+ (11)

QLK — @

where Vjp is the boil up rate for a feed containing only
the two key components. All relative volatilities in Equa-
tion (11) are referred to the heavy key component. Since
all terms on the right-hand side of Equation (11) must
be positive, V = V. Therefore, it is clear that the pres-
ence of nonkey components tends to increase the mini-
mum reflux rate (or minimum boil up rate) and causes
the required number of stages to be greater for a given
ratio of actual reflux to minimum reflux. Thus, the sep-
aration cost is greater when nonkey components are pres-
ent. Similar demonstrations can be made for other sep-
aration operations (for example, absorption, extractive
distillation, liquid-liquid extraction), where a mass sep-
arating agent is distinguished from a nonkey component
and may be added to increase the relative volatility
between key components,

Figure 4 illustrates quantitatively the effect of nonkey
components on separation costs. This plot shows the costs
of all twenty separation subproblems arising from the
five-product case involving paraffin hydrocarbons con-
sidered by Rathore et al. (1974), wherein separations are
made only by ordinary distillation. Annual costs are
plotted vs, the number of nonkey components in the feed
to the separator. Successive sets of lines connect the
data points for each of the four feasible pairs of key

® As written, Equation (11) assumes that a perfect separation is
achieved between the key components and that key component mole
ratios in the pinch zone and feed zone compositions are equal.
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components. In all cases, costs are lowest for the binary-
feed separations. Thus, for this case, the heuristic cost
function given by Equation (3) is valid. Although not
required for the method presented here, it is also inter-
esting to note that costs in Figure 4 always increase with
increasing number of nonkey components.

EXAMPLES AND COMPARISONS

Four examples were solved by the predictor based
ordered search with the heuristic cost function used. One
of these is presented in detail, followed by a comparison
of the results of all four examples with the procedures
of Rodrigo and Seader (1975). In all cases, cost data
were taken from the previous studies cited.

Example 1: Separation of Light Paraffins

Consider the example used by Rathore et al. (1974)
involving the separation by ordinary distillation (I) of
propane (A), isobutane (B), n-butane (C), isopentane
(D), and n-pentane (E). Fourteen different sequences
are possible involving twenty unique separation subprob-
lems. It is desired to determine the optimal sequence
and the next best sequence. Although costs of all separa-
tion subproblems are given in Figure 4, the procedure
outlined here requires that these costs be computed only
when and if needed. By the algorithm of Figure 3, the
desired sequences are obtained as follows:

Steps 1 and 2:
B = X, = {ABCDE}
OPEN = {X,}
g°=0
T={A} A{B} AN{C} AN {D} A{E}
CLOSED = {T}
Steps 3, 4a, and 5a:
CLOSED = {T, X,}
Xo#=T
X, is not flagged
Steps 6, 7a, and 7b: (Since i = 0)
8B 1) = g°i.))

=C,8$/yr
i om/nox=T LK MG, x 105
0,1 A/B {A} A {BCDE} 1 0.5715
0.2 B/C {AB} A {CDE} 1 1.6500
03 C/D {ABC} A {DE} 1 1.1490
04 D/E {ABCD} N {E} 1 2.6600
Flag all X;

Step 2: OPEN = {X,°, X3° X,°, X,°}
Steps 3, 4a, and 5a:
CLOSED = {T, X,%
X0 T
X, is Hagged

Step 5b:
g“I(B’ T) = g(B3 1) -+ Cﬁ (1> T)

where C*(1, T) = costs of binary separations B/C,
C/D, and D/E
Therefore, g*(B, T) = (0.5715 + 0.9493 + 0.5927
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+ 1.68920) x 10-%
— 3.8055 x 10~ §/y:
Step 2: OPEN = {X3, X0, X,% X}

In succeeding steps, flags are also sequentially removed
from X3, X, and X, to give

OPEN = {X; X5 X; X4}
Corresponding
g* X 10~5 $/yr: 3.8055 4.0516 4.1960 4.4633

Although all flags are removed in this example, in some
separation problems values of certain X, may be of such
magnitude that they may never advance to the first
position in OPEN.

Steps 3, 4a, and 5a:

CLOSED = {T, X,}

X;#T
X is not flagged
Step 6:
C(1' i)a $/hr
i m/n X, =T HIX] MG, ) X 1075
15 B/C {AYAIBYA{CDE} ~ 1 1.3340
1,6 C/D {A} A {BC} N {DE} 1 0.9443
1,7 D/E {A} A{BCD} A{E} 1 2.4180
Steps 7a and 8:
Costs, $/yr X 1075
g*i(B, T) from
i gB,1) C*4, 1) Equation (1)
5 0.5715 0.3927 + 1.6920 = 2.2847 4.1902
6 05715 0.9493 + 1.6920 = 2.6413 4.1571
7 05715 0.9493 + 0.5927 = 1.5420 45315
Step 9:
CLOSED = {T}
HOLD = {X;}
Step 2:
OPEN = {X3 XG X5 Xg X4 .)(.7}
corresponding

g* X 1075, §/yr
4.0516 4.1571 4.1902 4.1960 4.4633 4.5315

The next cycle gives

i,j m/n X; g°i(B, T) X 1073 §/yr
3,8 A/B {A} A {BC} A {DE} 4.1856
3,9 B/C {AB} A {C} A {DE} 4.3005

OPEN = {X; X5 X5 X3 Xo X4 X7}
corresponding
g® X 1075, $/yr
4.1571 4.1856 4.1902 4.1960 4.3003 4.4633 4.5315
Steps 3, 4a, 4b, and 4c: CLOSED = {T, X}
since Xg = {A} A {BC} A{DE}, C(6,T) =C*(6,T)

because the only separations remaining are B8/C and D/E.

Therefore, g(B, T) = g®s(B, T) = 4.1571 x 105 $/yr

The optimal sequence generated is
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Split (.BI/NB...)

~5
5

S w1
$/yr x 10

8

Cust of Separation,

1 F Split (...B2T, B2C/CS)

Split (C3/NB)

Split (C3/Bl....);

Number of Non-Key Cemponents in
Feed to Separator

Fig. 5. Effect of nonkey components on separation cost for example
2—part 1.

(B)

G =
0 O

! E (E),<(E)

OPTSEQ = {Xs}

No. of optimal sequences generated = 1 # S, = 2

O Q>

In a similar manner, the next best sequence is found
without further node expansions to be Xs, with g(B, T)
== g%(B, T) = 4.1856 X 10° $/yr.

The sequence generated is:

A (A)
(2) <0y
Cc
/ . (2) (©)
\ D (D)
! ( £ )’<(E)
In order to generate these two sequences, only thirteen

of twenty (or 65%) unique separation subproblems re-
quired analysis.

mmqw>

Example 2: Synthesis of a Butylenes Purification System
Hendry and Hughes (1972) presented a separation
problem of industrial importance involving the separa-
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tion of a stream containing propane, n-butane, butene-1,
trans-butene-2, cis-butene-2, and pentane into four prod-
ucts (including one multicomponent product consisting
of the three butene isomers) by the use of ordinary dis-
tillation (I) and/or extractive distillation with 96 wt%,
aqueous furfural (II). By specifying certain forbidden
splits, the number of unique separation subproblems in
the search space was reduced to 30 as discussed by
Rodrigo and Seader (1975). The subproblem costs were
derived from the tabulations of Hendry (1972) and are
shown in Figures 5 and 6. For Type II separators, binary
separations between the key components are made in the
presence of the mass separating agent, and costs include
subsequent recovery of the aqueous furfural for recycle.
For both types of separators, costs for separating two
given key components are seen to be lowest for separator
feeds involving the least number of nonkey components.
Application of the predictor based ordered search pro-
cedure leads to the optimal solution after analyzing only
70% (21 of 30) of the unique separation subproblems.

Example 3: Separation of Light Hydrocarbons

Thompson and King (1972) presented a six-component
case involving ethane (1), propylene (2), propane (3),
1-butene (4), n-butane (5), and n-pentane (6). This
problem was solved after it was modified to specify six
(rather than four) relatively pure products to be obtained
by ordinary distillation only. Forty-two different sequences
were possible. Costs for the thirty-five unique subprob-
lems are plotted in Figures 7 and 8. This time, the
heuristic cost function is seen to fail in Figure 8 when
the key components are 1-butene and butane. Neverthe-
less, the optimal sequence was generated by analyzing
only 60% of the unique subproblems.

The failure of the heuristic cost function was found
to be due to an increase in relative volatility between
1-butene and n-butane, which occurred when a paraffinic
third compound was added. For example, the average
relative volatility was 1.197 with only the two key com-

5 p

Split (..NB/B2T, BZC.)I

Spli -N e
plit (.NB/B1 )II

1 - -
Split (NB/B2T, B2C.)

o Il | | |
o I 2 3 P

Number of Non-Key Components in
Fmed to Separator

Fig. 6. Effect of nonkey components on separation costs for example
2—part 2.
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1
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1

®

I T

2 s | Split (1/2....){
P

&

O

P

p

S

M

o

o 4.5 =
w

-

o Split {....5/6)

o

0

o

o

Number of Non-Key Components in
Feed to Separator

Fig. 7. Effect of nonkey components on separation costs for example
3—part 1.

ponents present. When n-pentane was added, the rela-
tive volatility increased to 1.226 owing to an increase in
the activity coefficient for 1-butene and a decrease in
the activity coefficient for n-butane according to regular
solution theory. The increase in relative volatility resulted
in a 129 decrease in the number of trays,

Example 4: Separation of Mixed Hydrocarbons

Rodrigo and Seader (1975) considered in detail a
case involving the separation of n-hexane, benzene, and
cyclohexane by ordinary distillation and/or extractive
distillation with phenol. Using the predictor based ordered
search procedure, the optimal solution was found by
analyzing only eight of sixteen unique subproblems.

The results of these four examples are compared to

the results obtained by Rodrigo and Seader (1975) in
Table 1, where

number of unique subproblems analyzed _ Nugpa

e number of unique subproblems "N usp
TaBLE 1. COMPARISON OF SEARCH ALGORITHMS
FUSD’ %
Predictor based
Example Ordered branch search ordered search
1 1000 65.0
2 76.7 70.0
3 100.0 60.0
4 62.5 50.0

For all four examples, both methods found the optimal
sequences. However, in all cases, the predictor based
ordered search required less analysis than the ordered
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Split (...4/5.)
;)

-5

Split (..3/4..) -

Cost of Separation, $/yr x 10

Number of Non-Key Components in
Feed to Separator

Fig. 8. Effect of nonkey components on separation costs for example
3—part 2,

branch search. Significant reductions in analysis occurred
in Examples 1 and 3, where sequence cost distributions
Were narrow,

NOTATION

A = complete set of arcs, {C}

B = beginning or start node, BeN; B = T

C(i, j)= actual cost, associated with an arc, for expansion
of node X; to node Xj; an element of A

C(j, T) = actual cost for a partial sequence extending
from node X; to goal node T

C®(j, T) = heuristic cost function or estimated cost for
completing a sequence that starts with node X;

F; = sequence search factor, Nya/Ny

= subproblem search factor, Ngpa/Nsp

Fusp = unique subproblem search factor, Nuspa/'Nusp

= graph of search space, [N, A, ¢]

g(B, i) = actual cost for developing a partially completed
sequence ending with node X;

g;(B, T) = actual cost for a complete sequence passing
through node X;

g®;(B, T) = estimated cost of complete sequence passing
through node X;

M(i,j) = entry in the reachability matrix equal to 1 if
nodes X; and X; are connected by an arc; other-

wise, 0
n; = flow rate of component { in separator feed
N = complete set of nodes, {B, X;, T}
N¢ = number of components
Npin = minimum number of equilibrium stages
Ns; = number of possible sequences
N = number of sequences developed
N;» = number of possible subproblems
Nga = number of subproblems analyzed

Ny, = number of unique subproblems

Nuspa = number of unique subproblems analyzed
S = set of optimal and near optimal sequences
Ss:« = split fraction of component i
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S, = number of optimal and near optimal sequences
desired

T = terminal or goal node; TeN; T + B

V = boil up vapor flow rate

X; = node representing a partially completed sequence;

an element of N
amn = relative volatility between components m and n
Iy™"(i, j) = an arc or separation operator for expanding
node X; into successor node X; using separator
type ¢, light key component m, and adjacent
heavy key component n; an element of ¢; acts
as a pointer from node X; back to node X;

¢ = complete set of feasible operators, {T'}
Other Symbols

€ = element of

{} =set

A = and

¥ = forall
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Application of the Limiting Current Method
to Mass Transfer in Packed Beds at Very
Low Reynolds Numbers

PETER W. APPEL

The limiting current technique is used to obtain mass transfer co- and

efficients at very low Reynolds numbers (Re < 0.1) in a packed bed con-
sisting of stainless steel spheres. The data show that for Re < 0.015,
the Nusselt numbers are below those predicted by existing empirical
correlations. The results are discussed in the light of some mathematical
models for packed beds reported in the literature and show semiquantita-
tive agreement with the values predicted by Sorensen and Stewart (1974q).

JOHN NEWMAN

Materials and Molecular Research Division,
Lawrence Berkeley Laboratory,

and Department of Chemical Engineering,
University of California,

Berkeley, California 94720

SCOPE

A large number of mass transfer processes require a
liquid flowing at low velocities through a porous elec-
trode or a packed bed. At these velocities (Re << 1)
snd in the absence of natural convection, mass transfer
coefficients in packed beds are only dependent upon the
Péclet number. Experimental results in the low Reynolds
number region, low Péclet number region are scarce

and scatter widely. Therefore, reliable data in said re-
gion are important; to obtain these data the limiting
current technique was used in a packed bed consisting
of stainless steel spheres. For our experiments we have
chosen the cathodic reduction of ferricyanide to ferro-
cyanide in excess supporting electrolyte. Procedures to
minimize possible sources of error and design criteria
are given.

CONCLUSIONS AND SIGNIFICANCE

It has been shown that the limiting current method is

Peter W. Appel is with Unilever Research, Vlaardingen, The Nether-
lands.
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suitable for obtaining mass transfer coefficients in packed
beds, in particular at very low Reynolds numbers, pro-
vided proper design and experimental procedures are
ollowed.
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